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The topological charge in the U(N) vector-like reduced model can be defined by using the overlap Dirac
operator. We obtain its large N limit for a fermion in a general gauge-group representation under a certain
restriction of gauge field configurations which is termed U(1) embedding.
1. Introduction
It had been unclear how to define the topolog-
ical charge in the reduced model which is given
by a zero-volume limit of lattice gauge theory.
In ref. [1], the authors proposed to define the
topological charge in a “fermionic way” by using
the overlap Dirac operator and showed that there
actually exist non-trivial topological sectors. In
ref. [2], a general expression of the topological
charge was given under a certain restriction of
gauge field configurations termed U(1) embed-
ding. In ref. [2], it was also shown that a sin-
gle fundamental Weyl fermion in the chiral gauge
reduced model gives rise to an obstruction for a
smooth fermion integration measure, if a Dirac
operator which obeys the Ginsparg-Wilson rela-
tion is adopted. The phenomenon is analogous
to the gauge anomaly in the original unreduced
theory. It is then natural to consider a cancella-
tion of the obstruction among fermion multiplets
which belong to various gauge-group representa-
tions. As a first step toward this consideration, in
this work we study the topological charge for gen-
eral gauge-group representations in the vector-
like reduced model. Our argument below is ap-
plied to the quenched reduced model as well as
the naive reduced model a` la Eguchi-Kawai. The
extension to the twisted reduced model however
is not clear for the present.
∗Talk presented by T. Inagaki at Lattice 2003.
2. Axial anomaly with the GW relation
The Ginsparg-Wilson (GW) relation
γ5D +Dγ5 = Dγ5D (1)
ensures an exact chiral symmetry on the lattice
and the corresponding axial anomaly
q(x) = tr γ5[1− 1
2
D(x, x)] (2)
has topological properties. For example, the
topological charge Q defined by
Q =
∑
x
q(x) = Tr γ5(1− 1
2
D) = n+ − n− (3)
becomes an integer identical to the index of the
Dirac operator (n± is the number of zero-modes
of D with ± chirality, respectively).
As D, we adopt Neuberger’s overlap Dirac op-
erator
D = 1−A(A†A)−1/2, A = 1−Dw,
Dw =
1
2
∑
µ
[γµ(∇∗µ +∇µ) +∇∗µ −∇µ], (4)
where the covariant differences are defined by
∇µψ(x) = Uµ(x)ψ(x + µˆ)− ψ(x),
∇∗µψ(x) = ψ(x)− U †µ(x− µˆ)ψ(x− µˆ). (5)
Since the topological charge Q is an integer, the
overlap Dirac operator becomes singular at cer-
tain points in the space of lattice gauge fields at
2which the value of Q jumps. It is known that
one can avoid these singularities by requiring the
gauge field to be “admissible”
‖1− Uµ(x)Uν(x+ µˆ)Uµ(x+ νˆ)†Uν(x)†‖ < ǫ, (6)
where ǫ is a positive constant smaller than (2 −√
2)/d(d − 1). Then the space of lattice gauge
fields is divided into topological sectors and the
topological chargeQ is well-defined for each topo-
logical sector.
When the gauge group is U(1), a complete pa-
rameterization of admissible U(1) gauge fields has
been known [3]
Uµ(x) = Λ(x)V
[m]
µ (x)U
[w]
µ (x)e
iATµ (x)Λ(x+µˆ)−1, (7)
where Λ(x) represents the gauge degrees of free-
dom and V
[m]
µ (x) has a constant field strength
Fµν (x) = 2πmµν/L
2, where mµν is the magnetic
flux integer which labels topological sectors (L
is the size of the lattice). U
[w]
µ (x) carries the
Wilson line,
∏L−1
s=0 U
[w]
µ (sµˆ) = wµ ∈ U(1), and
ATµ (x) represents gauge invariant local fluctua-
tions. With this parameterization, the topolog-
ical charge Q in eq. (3) is expressed as [4]
Q =
(−1)d/2
2d/2(d/2)!
ǫµ1ν1···µd/2νd/2mµ1ν1 · · ·mµd/2νd/2 .(8)
3. Reduced model and the U(1) embedding
The U(N) reduced model is defined by zero-
volume limit of U(N) lattice gauge theory:
Uµ(x) ∈ U(N) → Uµ ∈ U(N). Here
we consider the fundamental fermion in the
vector-like reduced model: ψ(x) → ψ ∈
fundamental rep. of U(N). The fermion sector is
defined by
〈O〉F =
∫
dψdψO exp(−ψDψ). (9)
In this expression, the covariant difference in the
overlap Dirac operator D is defined by ∇µ =
Uµ− 1. Then the admissibility condition and the
topological charge are given by
‖1− UµUνU †µU †ν‖ < ǫ, Q = tr γ5(1−
1
2
D). (10)
In ref. [1], an explicit example of admissible gauge
field configurations with Q 6= 0 was given. Here
we use the following method [2] which produces
a wide class of admissible configurations.
First we assume N = Ld with an integer L.
Then the index of the fundamental representa-
tion i (1 ≤ i ≤ N = Ld) of ψ can be identified
with a site x on the lattice Γ , Γ = { x ∈ Zd | 0 ≤
xµ < L }, by i(x) = 1+xd+Lxd−1+ · · ·+Ld−1x1
for example.
Next we assume that the reduced gauge field
has the following form (the U(1) embedding)
Uµ = uµΓµ, (11)
where uµ is an N × N diagonal matrix, and the
“shift” matrix Γµ is defined by
Γµ = 1L ⊗ · · · ⊗ 1L ⊗ U ⊗ 1L ⊗ · · · ⊗ 1L (12)
from L×L unit matrix 1L and the L×L unitary
matrix U
U =


0 1
. . .
. . .
. . . 1
1 0

 (13)
which appears in the µ-th entry. Then the covari-
ant difference in the reduced model assumes the
form
∇µ = Uµ − 1 = uµΓµ − 1. (14)
We note that all diagonal elements of uµ are pure-
phase, i.e., they are elements of U(1). Since
the matrix Γµ realizes a shift on the lattice,
Γµψi(x) = ψi(x+µˆ), we see that the fermion sec-
tor of the U(N) reduced model with the U(1)
embedding (11) is completely identical to that
of the U(1) lattice gauge theory. In particular,
the plaquette and the admissibility condition in
the reduced model are promoted to those of the
U(1) lattice gauge theory. By this way, we im-
mediately find that the topological charge in the
reduced model in eq. (10) is given by the expres-
sion (8), where this time integers mµν parame-
terize a “form” of the admissible reduced U(N)
gauge fields Uµ [2].
4. QR in the vector-like reduced model
We next consider a fermion belonging to a gen-
eral irreducible representation R of SU(N):
(ψ)i1,...,in;j1,...,jm , (15)
3where each of i1, . . . , in transforms as the fun-
damental representation and each of j1, . . . , jm
transforms as the anti-fundamental representa-
tion. The covariant difference is then defined by
(∇µψ)i1,...,in;j1,...,jm
= (Uµ)i1k1 · · · (Uµ)inkn(ψ)k1,···,kn;l1,···,lm
×(U †µ)l1j1 · · · (U †µ)lmjm − (ψ)i1,...,in;j1,...,jm .
For a such general representation, however, the
U(1) embedding (11) itself does not provide a use-
ful picture such as the matrix-lattice correspon-
dence which was utilized in ref. [2]. Here we con-
sider the large N approximation with the U(1)
embedding. We can set Λ(x) = 1 and ATµ (x) = 0
in eq. (7) because the topological charge Q is an
integer-valued gauge invariant quantity.
In terms of eigenvectors of the shift matrix
Γµφ(~p) = e
2πipµ/Lφ(~p), (16)
where { ~p ∈ Zd | 0 ≤ pµ < L }, the topological
charge for the representation R is expressed as
QR =
1
2
∑
~p1
· · ·
∑
~pn
∑
~q1
· · ·
∑
~qm
×φ(~p1)†i1 · · ·φ(~pn)
†
in
φ(~q1)j1 · · ·φ(~qm)jm
×( H√
H2
PR)i1,...,in;j1,...,jm;k1,...,kn;l1,...,lm
×φ(~p1)k1 · · ·φ(~pn)knφ(~q1)†l1 · · ·φ(~qm)
†
lm
.
In this expression, H = γ5A and PR is the pro-
jection operator for the irreducible representa-
tion R. It turns out that in the leading order of
the large N (or large L; recall N = Ld) approx-
imation, one can replace the projection operator
by
PR → dimR
Nn+m
× identity operator. (17)
We also note that, with the U(1) embed-
ding, uµ = 1N (1 + O(1/L)) and Uµ =
Γµ(1 + O(1/L)) where sub-leading terms are
diagonal matrices and the operator H2 con-
tains the commutator [Uµ, Uν ] = (e
2πimµν/L
2 −
1)UνUµ = 2πimµν/L
2(1 + O(1/L)). With
these observations and with the relations∑
~p2
· · ·∑~pn
∑
~q1
· · ·∑~qm 1 = Nn+m−1 and
∑
~p1
= Ld
∫ π
−π
ddk
(2π)d
(1 + O(1/L)) where kµ =
2πp1µ/L, we see that the leading term in the
large N approximation is given by the large L
limit of
QR =
dimR
N
1
2
Ld
∫ π
−π
ddk
(2π)d
× tr γ5[−iγµsµ + 1 +
∑
µ
(cµ − 1)]
×{s2ν + [1 +
∑
ν
(cν − 1)]2
−2πi(n−m)mνρ
2L2
γνγρcνcρ
+
2πi(n−m)mνρ
L2
γνicνsρ}−1/2, (18)
where we have used the abbreviations sµ = sinkµ
and cµ = cos kµ. The integral (18) is a well-known
one in a calculation of the classical continuum
limit of the axial anomaly (2), if one identifies 1/L
with the lattice spacing a and 2πi(n−m)mµν with
the field strength Fµν in the continuum theory.
By this way, we have
QR = (n−m)d/2 dimR
N
QF (1 +O(1/L)), (19)
where the topological charge for the fundamental
representation QF is given by eq. (8).
The above calculational scheme will be very
useful to investigate a possible cancellation of the
obstruction in chiral gauge reduced models which
was identified in ref. [2]. This study is under
progress. For more details and for a more com-
plete list of references, see ref. [5].
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